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Abstract

The traditional two-temperature thermal energy equations modeling local thermal equilibrium in a saturated porous

medium are modified to model the case of convection when the medium has transverse structure. � 2002 Elsevier

Science Ltd. All rights reserved.

This note is concerned with the modeling of heat

transfer in a porous medium in which the solid material

consists of parallel rods (or sheets), or alternatively in

which the pore space consists of parallel tubes, in a sit-

uation in which local thermal equilibrium is not valid.

This means that one has to allow for heat transfer be-

tween the solid and fluid phases. The traditional way of

modeling this situation is to write down energy equa-

tions for the two phases (see, for example, Eqs. (2.11)

and (2.12) of Nield and Bejan [1])

ð1� /ÞðqcÞs
oTs
ot

¼ ð1� /Þr � ðksrTsÞ þ hðTf � TsÞ; ð1Þ

/ðqcÞf
oTf
ot

þ ðqcÞfv � rTf ¼ /r � ðkfrTfÞ þ hðTs � TfÞ:

ð2Þ

Here / is the porosity and Tf , ðqcÞf , kf and Ts, ðqcÞs, ks
are the temperatures, heat capacities and thermal con-

ductivities in the fluid and solid phases, respectively,

while v is the Darcy velocity and h is the fluid-to-solid

heat exchange coefficient.

The reader should note that these expressions depend

on the porosity but not on the precise way in which the

fluid and solid phases are distributed within a repre-

sentative elementary volume of the porous medium.

Each term in these expressions represents a thermal

energy per unit volume of the porous medium. Except

for the transfer terms (the last in each equation) the

flows within the separate phases are assumed to be au-

tonomous. Clearly, if one adds the two equations then

one gets an equation that governs the net heat transfer in

the porous medium. In the case of local thermal equi-

librium, Tf ¼ Ts ¼ T , and the combined equation is

ðqcÞeff
oT
ot

þ ðqcÞfv � rT ¼ r � ðkeffrT Þ; ð3Þ

where

ðqcÞeff ¼ /ðqcÞf þ ð1� /ÞðqcÞs; ð4Þ

keff ¼ /kf þ ð1� /Þks; ð5Þ

are the effective capacities and conductivities, respec-

tively. It is noteworthy that keff is the weighted arithmetic

mean of kf and ks. Since conductivity is the reciprocal of

resistivity, Eq. (5) corresponds to the case where the

resistivities of the fluid and solid phases are assumed to

be in parallel. If they were assumed to be in series, then

Eq. (5) would be replaced by

1

keff
¼ /

kf
þ ð1� /Þ

ks
: ð6Þ

In a general situation, the expression in Eq. (5) yields

an upper bound on the value of keff while that in Eq. (6)

yields a lower bound.

A rigorous two-equation model for heat transfer was

presented by Quintard and Whitaker [2]. However, the
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results in that paper are presented in terms of integrals

and these are not in a convenient form suitable for im-

mediate application. Something simpler is desirable.

Cheng and Hsu [3] have presented an analysis, for the

case of local thermal equilibrium, which indicates that

the simple model expressed by Eqs. (3)–(5) is valid if the

effect of tortuosity (due to the undulating thermal path

across the fluid–solid interface) is negligible.

The question raised here is how one can best adjust

Eqs. (1) and (2) to the case of structured media for

forced convection in, for example, a parallel-plate

channel in which the solid material is layered, and is in

the form of slabs parallel to the boundaries. In this case

the fluid and the solid phases are in parallel for heat

conduction in the longitudinal direction (x-direction)

but in are in series for conduction in the transverse di-

rection (y-direction). Thus the conduction term in Eq.

(3) becomes

r � ðkeffrT Þ ¼ o

ox
k1
oT
ox

� �
þ o

oy
k2
oT
oy

� �
; ð7Þ

where, from Eq. (6),

k1 ¼
kfks

/ks þ ð1� /Þkf
; ð8Þ

and, from Eq. (5),

k2 ¼ /kf þ ð1� /Þks: ð9Þ

Working backwards, this suggests that for the case of

local thermal non-equilibrium one should use

ð1� /ÞðqcÞs
oTs
ot

¼ ð1� /Þ o

ox
k0s
oTs
ox

� ��
þ o

oy
ks
oTs
oy

� ��

þ hðTf � TsÞ; ð10Þ

/ðqcÞf
oTf
ot

þ ðqcÞfv � rTf ¼ /
o

ox
k0f
oTf
ox

� ��

þ o

oy
kf
oTf
oy

� ��

þ hðTs � TfÞ; ð11Þ

where

k0s ¼ k0f ¼
kfks

/ks þ ð1� /Þkf
: ð12Þ

So far we have considered the extreme case. A less

extreme situation is when the solid matrix of the porous

medium is distributed in the form of rods with axes

aligned in the longitudinal direction. In this case the

fluid and solid phases are still in parallel for longitudinal

conduction, but for transverse conduction they are nei-

ther in parallel nor in series. In this case it appears that

no simple expressions for k0f or k
0
s are available, but one

can still use the expressions given by Eq. (12) as bounds,

and the values kf and ks as alternative bounds, on these

two quantities. (Which one is a lower bound for a par-

ticular quantity, and which is an upper bound, depends

on whether kf is greater or less than ks.)
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